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Abstract: Accurate data-driven models for molecular dynamics must generate stable long-horizon predictions while
providing uncertainty estimates that remain consistent with the principles of statistical mechanics. Motivated by
these requirements, this study advances the comparative analysis of uncertainty quantification in molecular
dynamics through a Physics-Informed Geometric Neural Stochastic Differential Equation (PI-GNSDE) framework.
The proposed formulation combines four fundamental components: an underdamped Langevin stochastic
differential equation, a neural-network-based potential energy model, geometric equivariance with respect to
molecular coordinates, and the fluctuation-dissipation relation, which enforces a thermodynamically consistent
coupling between friction and thermal noise.

The paper presents the governing equations, explicitly states the assumptions required to guarantee thermodynamic
consistency, and establishes a reproducible workflow for data analysis and model validation. To ensure transparency
and traceability, benchmark descriptors are compiled from publicly available Chignolin (CLNO025) protein-folding
datasets, including peptide properties, solvation conditions, thermostat and integrator configurations, the number
and duration of simulations, integration time step, simulation box volume, solvent and ion atom count, initial thermal
energy, thermostat damping timescale, and total integration-step count. These quantities are reported exclusively as
reproducible dataset metadata and should not be interpreted as model training or predictive performance results.

Furthermore, the study clearly distinguishes the mathematical formulation, modelling assumptions, numerical
integration procedures, and empirical validation protocol. Since the raw molecular trajectory files were not available
during the preparation of this work, quantitative performance measures, including Kullback-Leibler divergence,
energy drift, prediction coverage, and long-term stability metrics, are intentionally excluded to avoid unsupported
conclusions. Nevertheless, the proposed framework provides a rigorous, transparent, and reproducible foundation
for future model training, calibration, uncertainty quantification, and validation once the corresponding trajectory
data are acquired and processed using the prescribed pipeline.

Keywords: Molecular dynamics; mathematical modelling; stochastic differential equations; uncertainty
guantification; Langevin dynamics; geometric deep learning; neural stochastic differential equations; fluctuation-
dissipation theorem; BAOAB integration; Chignolin.

1. INTRODUCTION

Molecular dynamics (MD) has become one of the principal computational tools for investigating the dynamical behaviour
of molecular systems at the atomic scale. By integrating the governing equations of motion, MD generates trajectories
describing the temporal evolution of particle positions and momenta, thereby providing detailed insight into molecular
conformations, thermodynamic properties, and kinetic processes. Owing to its broad applicability, molecular dynamics has
found extensive use in computational chemistry, structural biology, materials science, and statistical physics, while
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simultaneously motivating significant developments in mathematical modelling, numerical analysis, stochastic processes,
and machine learning.

Classical molecular dynamics is founded upon well-established physical principles. The conservative component of the
dynamics is determined by the potential energy surface, whereas interactions with the surrounding thermal environment are
commonly represented through stochastic thermostats. In particular, Langevin dynamics models the exchange of energy
with a heat bath by introducing dissipative and stochastic forces that satisfy the fluctuation-dissipation theorem, thereby
ensuring consistency with equilibrium statistical mechanics. Maintaining the correct balance between deterministic forces,
dissipation, and thermal fluctuations is essential for reproducing the Gibbs-Boltzmann equilibrium distribution and
obtaining physically meaningful long-term simulations. Consequently, molecular dynamics should be viewed not merely
as a prediction problem, but as a structure-preserving modelling problem in which numerical stability and thermodynamic
consistency are fundamental requirements.

Recent advances in scientific machine learning have introduced powerful data-driven approaches for learning continuous-
time dynamical systems directly from observational data. Among these, Neural Ordinary Differential Equations (Neural
ODEs) provide deterministic neural representations of vector fields, while Neural Stochastic Differential Equations (Neural
SDESs) extend this framework by incorporating stochastic diffusion processes to model uncertainty and random fluctuations.
These methods have demonstrated remarkable flexibility in learning complex nonlinear dynamics; however, unconstrained
neural parameterizations generally do not preserve the physical structure underlying molecular systems. In particular, they
may fail to respect geometric symmetries, conserve physically meaningful invariants, maintain thermodynamic equilibrium,
or produce stable trajectories over long integration horizons.

For molecular dynamics, an effective learning framework should satisfy several fundamental requirements. First, it should
remain numerically stable under long-time integration. Second, it must preserve the geometric structure of molecular
configurations, including invariance or equivariance with respect to translations and rotations. Third, it should provide
reliable and well-calibrated uncertainty quantification through an appropriate stochastic formulation. Finally, the resulting
dynamics should satisfy the fluctuation-dissipation relation to ensure convergence towards the correct Gibbs-Boltzmann
equilibrium distribution. Simultaneously satisfying these requirements remains a significant challenge for existing data-
driven molecular modelling approaches.

To address these challenges, this paper develops a Physics-Informed Geometric Neural Stochastic Differential Equation
(P1G-NSDE) framework for molecular dynamics. The proposed model combines four complementary components: an
underdamped Langevin stochastic differential equation, a neural-network approximation of the potential energy surface, a
geometrically equivariant representation of molecular coordinates, and the fluctuation-dissipation theorem, which
establishes the thermodynamically consistent relationship between friction and stochastic forcing. Rather than treating
deterministic and stochastic components independently, the proposed formulation integrates them within a mathematically
consistent framework that preserves the essential physical principles governing molecular motion.

The primary objective of this work is to establish a rigorous mathematical modelling framework for uncertainty-aware
molecular dynamics that is physically interpretable, thermodynamically consistent, and reproducible. To this end, we derive
the governing equations, explicitly state the assumptions required for thermodynamic consistency, and develop a transparent
protocol for reproducible data analysis and future empirical validation. Publicly available Chignolin (CLN025) protein-
folding metadata are employed to define traceable benchmark descriptors, including simulation parameters, thermostat
configurations, integration settings, and derived physical quantities. These metadata are presented solely to ensure
transparency and reproducibility and should not be interpreted as measures of model training or predictive performance.

Accordingly, this study deliberately distinguishes between the mathematical formulation of the proposed model and its
future empirical evaluation. While the present work establishes the theoretical framework, modelling assumptions, and
validation protocol, quantitative performance metrics such as prediction accuracy, Kullback-Leibler divergence, energy
drift, uncertainty calibration, and long-term stability require complete molecular trajectory datasets and corresponding
computational experiments. By maintaining this distinction, the proposed framework provides a rigorous foundation for
subsequent implementation, training, and benchmarking while ensuring that all reported quantities remain reproducible and
fully supported by available data.
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2. BASIC NOTATIONS

The notation below is used throughout the paper. The model assumes a finite-dimensional phase space and classical
molecular mechanics.

+ Symbol: g; Meaning: Position vector; Dimension or unit: R%.

«  Symbol: p; Meaning: Momentum vector; Dimension or unit: R<.

+ Symbol: z; Meaning: Phase-space state, z = (g, p); Dimension or unit: R4,

« Symbol: M; Meaning: Positive definite mass matrix; Dimension or unit; d X d.

» Symbol: V(q); Meaning: True potential energy; Dimension or unit: Energy.

« Symbol: V4(q); Meaning: Learned neural potential energy; Dimension or unit: Energy.

« Symbol: H(q, p); Meaning: Hamiltonian; Dimension or unit: Energy.

« Symbol: I'; Meaning: Friction matrix; Dimension or unit: Momentum/time scale.

» Symbol: ¥; Meaning: Scalar friction coefficient; Dimension or unit: Time™1.

» Symbol: T; Meaning: Absolute temperature; Dimension or unit: Kelvin.

* Symbol: kz; Meaning: Boltzmann constant; Dimension or unit: Energy per Kelvin.

« Symbol: R; Meaning: Gas constant; Dimension or unit: kJ mol=! K1,

» Symbol: W;; Meaning: Wiener process; Dimension or unit: Stochastic process.

» Symbol: (g, p); Meaning: Stationary phase-space density; Dimension or unit; Probability density.

» Symbol: At; Meaning: Integration time step; Dimension or unit: Time.

« Symbol: £; Meaning: Training loss; Dimension or unit: Scalar.

« Symbol: Dg,,; Meaning: Kullback-Leibler divergence; Dimension or unit: Dimensionless.
3. MATHEMATICAL PRELIMINARIES

3.1 Phase-space representation

Let g, € R? denote the molecular configuration at time ¢, and let p, € R¢ denote the corresponding momentum. The phase-
space state is

2, = [Zﬂ € R (1)
For a classical molecular system with separable kinetic and potential energy, the Hamiltonian is
H@p)=T@) +V(@), T@) =;p"Mp. 6
The conservative deterministic Hamiltonian dynamics are

Gg=V,H(q,p) =M""'p, p=-V.H(qp)=-V(q). (3)

Equation (3) is the structural core of molecular mechanics. It says that the learned force should not be an arbitrary vector
field when the system is conservative. It should be the negative gradient of a scalar potential energy function.

3.2 Canonical ensemble

For a molecular system at temperature T, the canonical Gibbs-Boltzmann distribution is
- 1
n(q,p) =Z7'exp[-pH(q,P)], B =1— O]
where Z is the normalising constant

Z = [p2aexp [=BH(q,p)ldq dp. (5)
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A learned molecular model intended for equilibrium sampling must either preserve or accurately approximate this
distribution. If the model has the wrong stationary distribution, then long-term averages such as conformational populations,
free energies, and transition statistics may be biased.

3.3 Underdamped Langevin dynamics

Underdamped Langevin dynamics introduces friction and random thermal forcing into the Hamiltonian system. In matrix
form, the 1t6 SDE is

dqf = M_lpt dt,

6
dpt = —VV(qt) dt - [’M_lpt dt + 4/ ZkBTI—' th. ( )
The square root in (6) denotes any matrix factor B satisfying
BBT = 2k,TT. O

Equation (7) is the fluctuation-dissipation relation in this setting. It is the mathematical condition that links the noise scale
to the dissipative friction. If I is changed while the noise scale is held fixed, the invariant distribution changes. This is why
a generic neural diffusion term can be physically dangerous in equilibrium molecular modelling.

4. MODELLING PROBLEM

The modelling problem is to learn a physically meaningful approximation Vy(q) of the potential energy surface from
molecular trajectory data, while preserving the stochastic thermodynamic structure of (6). The model is not required to learn
arbitrary drift and arbitrary diffusion. It learns a scalar energy function. The conservative force is obtained by differentiation.

Fo(q) = =V4Ve(a). @)

The learned dynamics are

dq; =M 'p,dt,

9
dp, = Fy(q)dt —TM'p, dt + \/2kgTT dW,. ®)
The learned Hamiltonian is
H ="M 1p 4V, 10
o(a,p) =5p ' M™'p +Vy(q). (10)

The target stationary density induced by the learned Hamiltonian is

mg(q,p) = Zg ‘exp[—BHy(q,p)]. (11)

Remark 1: Equation (9) admits (11) as its invariant distribution since if the drift and diffusion are related as in (9), with
fixed T and I, then the stochastic thermostat is consistent with the Gibbs-Boltzmann distribution corresponding to Hy.

5. PHYSICS-INFORMED GEOMETRIC NEURAL SDE
5.1 Structure of the model

The proposed model has three layers of structure. The first layer is the stochastic differential equation itself. The second
layer is the neural energy model V,(q). The third layer is the integration method used for numerical simulation.

The drift vector is

M- ] (12)

fe(q' p) = [_quG(q) _ ['M_lp

and the diffusion matrix is

0
6=| \/W] (13)

The phase-space SDE is
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The diffusion is not an unconstrained neural network. This design choice is deliberate. In a physical thermostat, the diffusion
is constrained by temperature and friction. Allowing a neural network to learn diffusion independently may increase
apparent data fit, but it can destroy thermodynamic interpretability.

5.2 Geometric neural parameterization

Molecules are embedded in Euclidean space. If a molecule is translated or rotated, its energy should not change. If the
coordinates are transformed by a Euclidean motion, the force field should transform equivariantly. Let R be an orthogonal
matrix and a be a translation vector. The energy invariance condition is

Vo(Rq + a) = Vp(q). (15)
Taking gradients gives the associated force equivariance condition
Fo(Rq + a) = RFp(q). (16)

This is why an E(n)-equivariant graph neural network is an appropriate modelling choice for Vy. The graph representation
uses atoms as nodes and interatomic relations as edges. Scalar node features may include atom type or residue features,
while coordinate updates preserve Euclidean transformation rules. The purpose is not simply to improve accuracy. The
purpose is to remove physically meaningless degrees of freedom from the learning problem.

5.3 Learning objective
Suppose a dataset contains observed trajectory windows
D={z()|i=1.,N, j=0,..,m}. (17)
A trajectory-matching loss can be written as
Lo (0) = =20, X112t 0) — (8 (18)
If only configurations are observed, the loss can be restricted to positions:
£q(0) = =3, 3 1455 0) — ai(t)I- (19)

The physics-informed loss may also include a force-consistency term if reference forces are available:

£e(0) = -2, 3 |1Fo (ai()) — Fi(t,-)llz- (20)
The combined loss is
L(O) = 24L4(0) + ApLp(8) + AzR(0), (21)

where R(0) is a regularisation term. The fluctuation-dissipation relation itself is not merely a penalty in this formulation.
It is built into the SDE definition through (13). This is stronger than adding a soft loss term because the diffusion structure
is enforced by construction.

6. THEORETICAL PROPERTIES
6.1 Invariant measure

The Fokker-Planck equation associated with (14) is,
0ip = —V; - (fop) +3V,9,: (GGTp). (22)
For (9), the diffusion acts only in the momentum component. The corresponding stationary density candidate is g in (11).

Remark 2: To check for stationarity, one only need to substitute p = w4 into (22) and the Hamiltonian part of the flow is
divergence-free in canonical coordinates, while the dissipative and stochastic momentum terms cancel because the diffusion
covariance is 2kgTI.
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Thus, the resulting condition is,
=V, - [-I'M™'pmgl + kpTV,V,: (I'my) = 0. (23)

This cancellation is exactly the mathematical role of the fluctuation-dissipation theorem. Therefore, under standard
smoothness and confining conditions on Vg, the canonical density in (11) is an invariant density of the learned Langevin
system.

6.2 Proposition 1: thermodynamic consistency

Proposition 1. Assume that Vg is continuously differentiable, the mass matrix M is symmetric positive definite, the friction
matrix I" is symmetric positive semidefinite, and the diffusion covariance satisfies (7). Then the underdamped Langevin
SDE in (9) admits the Gibbs-Boltzmann density 7y in (11) as an invariant density.

Proof. The proof follows the standard Fokker-Planck stationarity argument. Write the generator as a sum of Hamiltonian
and thermostat terms. The Hamiltonian term preserves phase-space volume and leaves Hy constant along deterministic
Hamiltonian trajectories. The thermostat term is an Ornstein-Uhlenbeck process in momentum with invariant Gaussian
density proportional to exp[—BpTM~1p/2]. Since the diffusion covariance is fixed by 2kgzTTI", the derivative of the
Maxwell-Boltzmann momentum density cancels the dissipative flux. The product of the configurational Boltzmann factor
and the momentum Maxwell factor is therefore invariant. This gives (11). =

6.3 Symmetry consistency

Proposition 2. If the learned potential satisfies the Euclidean invariance condition (15), then the induced force field satisfies
the equivariance condition (16).

Proof.

Let § = Rq + a. By the chain rule,

VaVe(3) = RV4Ve(q). (24)
Since Fp(q) = —V4Vp(q), it follows that
Fo(@) = =VgVe (@) = R[=Y,Vo(@)] = RFs(q). (25)

This proves equivariance. =
6.4 Consequence for uncertainty quantification

The stochastic part of (9) gives a trajectory distribution rather than a single deterministic path. A prediction interval for an
observable A(z,) can be obtained by simulating K stochastic trajectories and computing empirical quantiles:

[ (®) = [Qa/e ({AE)}E=1), Quoaye {AGZ)YE=1)]- (26)
The expected coverage probability is
ECP, = % ® L 1{A) € L) (27)

A calibrated model should have ECP, = 1 — a. In the present paper, no humerical ECP value is reported because it would
require fitted model trajectories and held-out test data.

7. NUMERICAL INTEGRATION
7.1 Why the integrator matters

The continuous-time SDE defines the ideal model. Numerical simulation requires a time discretization. A poor integrator
can introduce statistical bias even when the continuous model is correct. In molecular dynamics, this is important because
many quantities of interest are equilibrium averages rather than one-step forecasts.

The BAOAB splitting method is commonly used for underdamped Langevin dynamics. It splits the dynamics into three
solvable components:

1. B step: conservative force kick.
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2. A step: deterministic position drift.

3. O step: stochastic Ornstein-Uhlenbeck momentum refresh.

The acronym BAOAB denotes the sequence of substeps used in one time step.
7.2 BAOAB update equations

Let h = At. Given (g, p,), the BAOAB update for the learned potential is:

h
Pr+1/2 = Pn + 5 Fo(qn). (28)

oo
In+1/2 = qn +5 M Pns/2e (29)

The stochastic-dissipative momentum refresh is

Pny1/2 = e_yhpn+1/2 + \/kBT(l —e MMM E,, $n ~ N(0, D). (30)

The second position half-step is

R g
An+1 = Qn+1/2 T EM 1Pn+1/2- (31)

The final conservative Kick is

~ h
Pn+1 = Pn+1/2 + ;Fe(qn+1)- (32)

The model should report the integrator used because Euler-Maruyama, leapfrog, BAOAB, and related schemes do not have
identical invariant-measure bias.

7.3 Algorithm

» Step: 1; Operation: Initialize; Mathematical expression: 6y, qo, po, T, I', h; Purpose: Define the model and simulation
settings.

« Step: 2; Operation: Build graph; Mathematical expression: atoms as nodes, molecular relations as edges; Purpose:
Encode geometry.

» Step: 3; Operation: Estimate energy; Mathematical expression: Vy(q); Purpose: Learn scalar potential.

+ Step: 4; Operation: Compute force; Mathematical expression: Fy(q) = —V,Vy(q); Purpose: Enforce conservative force
structure.

» Step: 5; Operation: Apply BAOAB; Mathematical expression: Equations (28) to (32); Purpose: Simulate
thermodynamic dynamics.

» Step: 6; Operation: Compute loss; Mathematical expression: Equation (21); Purpose: Fit model to data.

» Step: 7; Operation: Validate; Mathematical expression: KL, ECP, energy drift, free energy; Purpose: Test performance
without inventing results.

8. REAL BENCHMARK DATA AND REPRODUCIBLE DERIVED ANALYSIS
8.1 Data sources used in this revision

Two public data descriptors are used. The first is a Figshare dataset titled Chignolin Simulations. It states that the initial
structure was generated from the CLN025 peptide with sequence TYR-TYR-ASP-PRO-GLU-THR-GLY-THR-TRP-TYR.
It also states that the system was solvated in a 40 A cubic box with 1881 water molecules and two sodium ions, simulated
with ACEMD, CHARMMZ22*, TIP3P water, temperature 350 K, Langevin damping 0.1 ps~1, a 4 fs time step, and 3744
independent 50 ns production simulations giving 187.2 microseconds of aggregate simulation time. The Figshare DOI is
10.6084/m9.figshare.13858898.

The second is a Zenodo dataset titled Molecular dynamics trajectories of protein folding. Its Chignolin archive is listed as
2.3 GB, and the metadata states an Amber ff99SB-ILDN protein force field, TIP3P water, 0.1 M salt, NVT ensemble at 300
K with the V-rescale thermostat, 2 fs time step, and GROMACS 2020.6. Its DOI is 10.5281/zenodo0.6349893.
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These two data sources are not merged because they have different simulation settings. They are used as public benchmark
descriptors and as evidence that future model validation should report the exact force field, thermostat, time step,
temperature, ensemble, and trajectory source.

8.2 Derived analysis from the Figshare Chignolin metadata

The following table reports only values that are either directly stated in the Figshare metadata or arithmetically derived from
those stated values. No trained-model performance is reported.

» Quantity: CLN025 peptide length; Value: 10 residues; How obtained: Counted from the reported sequence.
« Quantity: Cubic box side length; Value: 40 A = 4.0 nm; How obtained: Unit conversion.

+ Quantity: Box volume; Value: 64.0 nm3; How obtained: 4.03.

+ Quantity: Water molecules; Value: 1881; How obtained: Reported in metadata.

» Quantity: Sodium ions; Value: 2; How obtained: Reported in metadata.

» Quantity: Non-peptide solvent and ion atoms; Value: 5,645 atoms; How obtained: 1881 x 3 + 2.

+ Quantity: Water number density; Value: 29.39 molecules/nm3; How obtained: 1881/64.

» Quantity: Temperature; Value: 350 K; How obtained: Reported in metadata.

» Quantity: Molar thermal energy; Value: 2.910 kJ/mol; How obtained: RT = 0.008314462618 x 350.

+ Quantity: Particle thermal energy; Value: 4.832e-21 J; How obtained: k5T = 1.380649 x 10723 x 350.

+ Quantity: Langevin damping; Value: 0.1 ps~*; How obtained: Reported in metadata.

* Quantity: Damping relaxation time; Value: 10.0 ps; How obtained: 1/y.

» Quantity: Damping half-life; Value: 6.93 ps; How obtained: In(2)/y.

+ Quantity: Production simulations; Value: 3744; How obtained: Reported in metadata.

» Quantity: Duration per production simulation; Value: 50 ns; How obtained: Reported in metadata.

» Quantity: Aggregate production time; Value: 187.2 microseconds; How obtained: 3744 x 50 ns.

* Quantity: Integration time step; Value: 4 fs; How obtained: Reported in metadata.

» Quantity: Steps per 50 ns trajectory; Value: 12,500,000; How obtained: 50 ns/4 fs.

» Quantity: Total production integration steps; Value: 46,800,000,000; How obtained: 187.2 microseconds/4 fs.

The real-data analysis above is modest but important. It defines the numerical scale of the benchmark. A model trained on
these trajectories must handle a system with at least 5645 non-peptide solvent and ion atoms, plus the peptide atoms, and a
simulation record built from tens of billions of integrator steps. The aggregate simulation time is sufficient for
conformational exploration, but any model comparison must still specify train-test splitting, coordinate preprocessing,
sampling interval, stochastic seeds, and the exact observables used for evaluation.

8.3 Data suitability for PIG-NSDE validation

The Figshare data are suitable for testing whether a learned stochastic model can reproduce trajectory-level observables
under a reported Langevin thermostat. The Zenodo data are suitable for testing consistency under a different temperature,
thermostat, and time step. They should not be pooled without accounting for these differences. A model trained at 350 K
with Langevin damping cannot be evaluated as though it were trained under 300 K V-rescale conditions unless the protocol
explicitly models that change.

The following variables should be extracted from the raw trajectories before fitting:

» Variable: Backbone RMSD; Definition: Deviation from native or reference structure; Use in analysis: Folding
coordinate.

» Variable: Radius of gyration; Definition: Compactness of peptide conformation; Use in analysis: Folding and collapse
analysis.
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+ Variable: Native contacts; Definition: Fraction of reference contacts retained; Use in analysis: State identification.
+ Variable: Potential energy; Definition: Force-field energy if available; Use in analysis: Energy consistency.

» Variable: Kinetic temperature; Definition: Momentum-based temperature if velocities available; Use in analysis:
Thermostat check.

« Variable: Time-lagged coordinates; Definition: Coordinates sampled at fixed lag; Use in analysis: Training windows.
« Variable: Transition counts; Definition: Counts between metastable states; Use in analysis: Kinetic validation.

9. STATISTICAL METRICS FOR REAL TRAJECTORY ANALYSIS
9.1 KL divergence

Let x be a reduced coordinate such as RMSD, radius of gyration, or a learned collective variable. Let pg,,(x) be the
empirical density from the molecular dynamics data and let pgy (x) be the empirical density from the learned model. The KL
divergence is

ata )
Dy (PaatallPe) = J Paata()10g 222 . (33)
A discrete binned estimator is
Dy, = X5, by log22, (34)

dpte

where p, and g, are normalised bin probabilities and ¢ is a small numerical stabiliser. The choice of bins must be reported.
If bins are changed after observing the result, the comparison becomes less reliable.

9.2 Free energy profile
For a collective variable x, the free energy profile is
F(x) = —kgTlogp(x) + C, (35)

where C is an arbitrary constant. In practice, p(x) is estimated from histograms or kernel density estimates. Since C is
arbitrary, only free-energy differences are meaningful:

AF (x1,%x;) = F(x3) — F(xy). (36)

A trained PIG-NSDE should reproduce the free-energy wells and barriers of the molecular dynamics data within uncertainty
bounds. This requires raw trajectories and is not claimed in this revision.

9.3 Energy drift

Energy drift is useful for deterministic or weakly thermostatted models, but it must be defined carefully for stochastic
thermostats. For a deterministic Hamiltonian model, the relative energy drift over time horizon t is

. _ |H(z)-H(zo)l
Drift(z) = @R (37)

For a Langevin model, instantaneous energy fluctuates due to heat-bath exchange. Therefore, the better diagnostic is not
zero energy drift, but correct stationary energy distribution. The empirical energy distribution can be compared by KL
divergence, Wasserstein distance, or moment diagnostics.

9.4 Prediction interval coverage

Let A; be observed values of an observable and let [L;, U;] be the model’s prediction interval. The empirical coverage is
¢ = %2;;1 1{L; < A; < U} (38)

The mean interval width is
W =~30, (U — L. (39)

A good uncertainty model has high calibration and useful sharpness. Wide intervals can produce high coverage without
meaningful predictive precision.
Page | 129
Research Publish Journals



about:blank
about:blank

International Journal of Mathematics and Physical Sciences Research ISSN 2348-5736 (Online)
Vol. 14, Issue 1, pp: (121-134), Month: April 2026 - September 2026, Available at: www.researchpublish.com

10. REPRODUCIBLE EMPIRICAL PROTOCOL

The empirical protocol below is included to prevent ambiguity in future work. It should be followed before reporting any
numerical comparison.

10.1 Preprocessing

The raw trajectories should be loaded using a reproducible molecular trajectory tool such as MDTraj, MDAnalysis, or
GROMACS analysis utilities. The following choices must be recorded:

» Decision: Coordinate alignment; Required reporting: reference structure, atom selection, whether solvent is removed.
+ Decision: Sampling interval; Required reporting: raw time step and saved-frame interval.

+ Decision: Atom selection; Required reporting: all atoms, heavy atoms, backbone atoms, or C-alpha atoms.

» Decision: State variables; Required reporting: positions only or positions and velocities.

« Decision: Units; Required reporting: nm or A, ps or fs, kd/mol or kcal/mol.

« Decision: Splitting; Required reporting: train, validation, test split by trajectory, not only by frame.

» Decision: Random seeds; Required reporting: neural initialization and stochastic simulation seeds.

Trajectory-level splitting is essential. Randomly splitting frames from the same trajectory can leak temporal correlation
between training and testing.

10.2 Training procedure

The proposed training procedure is:

Download the raw trajectory archive from the selected source.

Verify checksums where available.

Remove solvent only if the modelling target is peptide-only dynamics.

Align structures using a fixed atom selection.

Build graph features for each retained frame.

Train V,(q) using a physics-informed trajectory or force-matching objective.
Simulate the learned SDE with the same temperature setting as the source data.

Evaluate observables on held-out trajectories.

© © N o o M w0 D P-

Report uncertainty intervals over stochastic simulations and over random seeds.
10.3 Validation table template

No entries are filled in this table because that would require actual model training. The table is included as the correct
reporting format.

* Model: Neural ODE; Dataset: To be computed; Split: To be computed; Temperature: To be computed; Integrator: To
be computed; KL on RMSD: Not reported; KL on R,: Not reported; Coverage: Not reported; Notes: Requires raw
analysis.

* Model: Standard Neural SDE; Dataset: To be computed; Split: To be computed; Temperature: To be computed;
Integrator: To be computed; KL on RMSD: Not reported; KL on R,: Not reported; Coverage: Not reported; Notes:
Requires raw analysis.

* Model: HNN; Dataset: To be computed; Split: To be computed; Temperature: To be computed; Integrator: To be
computed; KL on RMSD: Not reported; KL on R,: Not reported; Coverage: Not reported; Notes: Requires raw analysis.

* Model: PIG-NSDE; Dataset: To be computed; Split: To be computed; Temperature: To be computed; Integrator:
BAOAB; KL on RMSD: Not reported; KL on R,: Not reported; Coverage: Not reported; Notes: Requires raw analysis.
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11. DISCUSSION

The proposed Physics-Informed Geometric Neural Stochastic Differential Equation (PIG-NSDE) framework provides a
principled integration of physics-based modelling and data-driven learning for molecular dynamics. Rather than replacing
the underlying physical system with an unconstrained black-box model, the framework learns the potential energy landscape
while preserving the stochastic thermodynamic structure of Langevin dynamics. This distinction is particularly important
because the primary objective of molecular dynamics is not merely to reproduce individual trajectories, but to accurately
characterize the equilibrium distribution, thermodynamic observables, and configurational statistics of the molecular
system.

A key feature of the proposed framework is the incorporation of the fluctuation-dissipation theorem as a fundamental
modelling constraint. Unlike conventional machine learning models, where stochasticity is often introduced solely to
improve predictive performance or uncertainty calibration, thermal noise in molecular dynamics possesses a well-defined
physical interpretation. By explicitly coupling stochastic forcing with friction through the fluctuation-dissipation relation,
the proposed formulation ensures thermodynamic consistency and prevents the diffusion process from becoming an
arbitrary learnable component. Consequently, the model remains faithful to the statistical mechanics governing molecular
systems while providing a physically meaningful representation of uncertainty.

The geometric neural representation of the potential energy surface constitutes another significant strength of the
framework. Molecular interactions are inherently invariant or equivariant under rigid-body translations and rotations, and
these symmetries should be reflected in the learned model. Embedding geometric equivariance directly into the neural
architecture eliminates the need for the network to infer these symmetries solely from training data, thereby improving
learning efficiency, enhancing generalization, and producing force fields that transform consistently under coordinate
transformations. Such structure-preserving architectures are therefore better suited for modelling molecular systems than
unconstrained neural parameterizations.

Despite these advantages, several challenges remain. First, comprehensive empirical validation requires access to complete
molecular trajectory data rather than metadata alone. While publicly available benchmark metadata provide valuable
information for constructing reproducible experimental protocols, rigorous evaluation of predictive accuracy, uncertainty
quantification, energy conservation, and long-term stability necessitates access to raw molecular coordinates, velocities,
and other state variables. Second, the computational cost associated with equivariant graph neural networks embedded
within stochastic numerical integrators may be substantially higher than that of conventional molecular dynamics force
fields, particularly during large-scale training and long-time simulations. Improving computational efficiency without
sacrificing physical fidelity therefore remains an important research direction. Third, model identifiability presents an
inherent challenge, as multiple potential energy functions may reproduce similar short-term trajectories. Consequently,
model training should incorporate long-time equilibrium statistics, force observations when available, and physically
meaningful constraints to improve parameter identifiability and reduce ambiguity.

Overall, the proposed PIG-NSDE framework should be viewed as a rigorous mathematical and computational modelling
framework rather than a fully benchmarked predictive model. Its principal contribution lies in establishing a
thermodynamically consistent, geometry-preserving, and uncertainty-aware formulation that provides a solid foundation
for future empirical studies. As complete molecular trajectory datasets become available, the framework can be
systematically trained, validated, and benchmarked against existing molecular dynamics and machine learning approaches,
thereby enabling a comprehensive assessment of its predictive accuracy, computational efficiency, and long-term stability.

12. LIMITATION

Although full empirical validation awaits access to raw molecular trajectory data, the present study establishes a rigorous
and reproducible foundation for subsequent model training, benchmarking, and large-scale application.

13. CONCLUSION

This study presented a Physics-Informed Geometric Neural Stochastic Differential Equation (PIG-NSDE) framework for
uncertainty quantification in molecular dynamics. The proposed model combines underdamped Langevin dynamics with a
neural-network representation of the potential energy surface, while enforcing the fluctuation-dissipation theorem to
establish a physically consistent relationship between friction and thermal noise. By coupling data-driven learning with
fundamental principles of statistical mechanics, the framework preserves thermodynamic consistency while providing a
flexible representation of molecular interactions.
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From a theoretical perspective, the proposed formulation establishes that, under the stated regularity assumptions and
appropriate thermodynamic conditions, the resulting stochastic dynamics admit an invariant Gibbs-Boltzmann distribution
with a Hamiltonian whose potential energy component is learned from data. This provides a rigorous mathematical
foundation for integrating machine learning techniques with structure-preserving stochastic models for molecular dynamics.

To promote transparency and reproducibility, the study further develops a reproducible data-analysis protocol based on
publicly available Chignolin (CLNO025) protein-folding metadata. The reported quantities—including simulation volume,
solvent and ion atom counts, thermal energy, thermostat damping timescale, aggregate simulation time, and total
integration-step count—are derived directly from traceable dataset metadata and are presented solely as benchmark
descriptors rather than measures of model performance. Accordingly, quantitative metrics such as Kullback-Leibler
divergence, energy drift, prediction coverage, and long-term stability are intentionally deferred until complete molecular
trajectory data become available for model training and validation.

The principal contributions of this work are therefore twofold. First, it establishes a mathematically rigorous,
thermodynamically consistent, and geometry-preserving PIG-NSDE framework for uncertainty-aware molecular dynamics.
Second, it provides a transparent and reproducible protocol for future empirical evaluation, clearly distinguishing theoretical
modelling from computational benchmarking. As complete molecular trajectory datasets become available, the proposed
framework can be implemented, trained, and systematically validated to assess its predictive accuracy, uncertainty
quantification capability, long-term stability, and computational efficiency. This work therefore lays a solid foundation for
the development of reliable and physically interpretable machine learning models for molecular dynamics.
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Data Availability Statement

This paper uses traceable public metadata from Figshare and Zenodo for benchmark description and derived arithmetic
analysis. It does not claim to have trained a model on the raw trajectories. Full empirical validation requires downloading
the raw trajectory archives, preserving checksums where available, and running the preprocessing and analysis protocol
stated in this paper.

Appendix A: Equation Checklist

This appendix lists the core equations that must remain editable in the Word document.

+ Equation: z, = [q,, p,]"; Role: Phase-space state.

+ Equation: H(q,p) =p"M~*p/2 + V(q); Role: Hamiltonian.

« Equation: m(q,p) = Z texp[—BH (g, p)]; Role: Canonical density.

+ Equation: dq, = M~1p,dt; Role: Kinematic Langevin component.

« Equation: dp, = —VV(q,)dt — 'M~'p,dt + /2ksTT dW,; Role: Underdamped Langevin dynamics.
+ Equation: Fy(q) = —V,Vp(q); Role: Learned conservative force.

« Equation: BBT = 2k, TT; Role: Fluctuation-dissipation relation.

« Equation: Dy (pllq) = J plog(p/q); Role: Distributional error.

« Equation: F(x) = —kgTlogp(x) + C; Role: Free energy.

+ Equation: ¢ =n"1Y;1{L; < A; < U;}; Role: Coverage.

Appendix B: Reproducible Analysis Outline

The following pseudocode shows the intended raw-data analysis. It is not a substitute for actual computation.
1. Select one benchmark source.

2. Download raw trajectories and topology files.
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3. Verify file integrity using published checksums where available.

4. Load topology and trajectories with a documented software version.

5. Apply consistent unit conversion.

6. Align peptide coordinates using a specified atom selection.

7. Extract RMSD, radius of gyration, native contacts, and selected distances.

8. Split by trajectory, not by random frame.

9. Train the neural potential on training trajectories.

10. Simulate the PIG-NSDE using the same temperature setting.

11. Estimate densities of observables from test data and generated samples.

12. Compute KL divergence, free-energy error, coverage, and transition statistics.

13. Repeat across random seeds.

14. Report means, standard deviations, software versions, and code.

Appendix C: Reference Verification Log

Reference category: Neural ODE, Neural SDE, HNN, EGNN; Action taken: Retained or added using traceable primary
sources.

Reference category: Langevin and BAOAB numerical integration; Action taken: Retained with DOI-traceable or book
sources.

Reference category: Chignolin and protein folding data; Action taken: Replaced vague descriptions with Figshare and
Zenodo data descriptors.

Reference category: Generic web sources; Action taken: Removed.
Reference category: Untraceable 2025 review or placeholder references; Action taken: Removed.

Reference category: Samuel Okon Essang related works; Action taken: Added two DOl-traceable references on deep
learning optimization and neural networks.

Appendix D: Minimum Reporting Checklist for Final Empirical Submission

Before the manuscript is submitted as a completed empirical study, the following items should be added from actual

computation. These items are intentionally not filled with assumed numbers in this revision.

Item: Raw data source; Required evidence: Dataset name, DOI, version, and download date.

Item: Topology and trajectory files; Required evidence: File names, checksums, and software used to read them.
Item: Preprocessing; Required evidence: Alignment choice, atom selection, solvent handling, units, and frame stride.
Item: Train-test split; Required evidence: Split by trajectory or time block, not by randomly mixed frames.

Item: Model architecture; Required evidence: EGNN layers, hidden dimension, activation function, optimiser, and
random seeds.

Item: Physical settings; Required evidence: Temperature, friction, mass convention, integrator, and time step.

Item: Evaluation metrics; Required evidence: KL divergence, free-energy error, prediction coverage, and uncertainty
width,

Item: Uncertainty reporting; Required evidence: Repeated stochastic simulations and confidence intervals over seeds.

Item: Reproducibility package; Required evidence: Code, environment file, and command sequence for rerunning the
analysis.
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The final empirical claim should be limited to results produced by this pipeline. For example, a statement that PIG-NSDE
has a lower KL divergence than a baseline is acceptable only after the same test data, preprocessing, observable, binning
rule, and uncertainty calculation have been applied to all models. A statement about a larger stable time step is acceptable
only when the failure rule is defined in advance. A statement about calibrated uncertainty is acceptable only when prediction
intervals are evaluated on held-out data. This checklist protects the paper from overstating the evidence.
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